
① We want a power series solution for

y" - (x + 1)y' + X y = 0 Here

y() = 1
,
y(0) = 1 ] Xo = 0

We have these are already
in

a , (x)
=
- (x+ 1) = 1 - X power series

form

centered at Xo= 0 .

az(x) = X & They all have
radius

r = x

b(x) = 0 of convergence

Thus , there
must be a unique

solution to

the initial-value problem
centered at

Xo = 0 of the form

* y(a)(0) N

2 - X

y(x) = n = 0
n !

= y(d) + y'(dx
+

So,

y" = (x + 1)y'
- x yF ·Y (0)

= 1

& '101 = 1 y"()= 1Iy"(0) = (0 + 1)4- = 1

I



Differentiate y" = (x + ily'-xy to get the next step.

y = y + (x+ 1)y"- 2xy
- xy

= (x + 1)y" + (1 - x
-

)y' - 2xy·(130) + 1 - 0240-2- 2

I

=
2

Differentiate
the y"formula

above to get :

Il

y( = y" + (x+ 1)y" +
(- 2x)y' + (1

-xy
I

- zy
- 2xY

(0) = y"(0) + (0 + 1)y"(o)
- 2(0)(y) + 11

-02
(4) I

Y - I[~ 2

I

10) - 2(0) y'ld- 24 -
- I
I

= 1 + 2
- 0 + 1 - 2 - 0

= Z

-

Z x
*
+ ...Thus , 4 !

y(x) = 1 + x +
x+ x +

+ xi + ...
= 1 + x + Ex + Ex

+
12

so it
converges

with radius of convergence
r =X

<XD
.

for - X



②We want a power series
solution for

y" + Y' - xy = 0 ]
Here

Xo = 0

y'(d = 1 , y(0)
= 1

Hw

We have
that from previous

also saw

a
,
(x) = x

= x +
x+ x*+ ...] we Hw

that
in that

X" - ... w = I
for both

-

a
. (x)
= =

- 1 - X of these
1 - X

b(x) = 0 ] r = x

The minimum
of the

above -
is w= 1.

This the
initial-value problem

will have

a unique solution
& y(u'(0) n

= y(d) + y'dx
+

y(x) =-
X

n !
n = 0

with radios
of convergence

v = 1.

↓



We have

y" + Y' - xy = O

y(0) =
1[[y'(d) = 1 E y'(d) = 1

y(0) = 1 -

-

So ,

3"(01+Fa?
- Monkey = o [I Y"(0)

= 1

I[#

y"(0) - 1 = 0

y"(0) = 1

You could try
differentiating y"= , 4+ Ex

1 - X

to get y" , y'll ,
etc
,
but it get's

complicated quickly
.

Instead multiply by

11-X2) and Use this equation ,
so there are

no fractions :

(1 - xY)y" + xy
- y = 0

Now just differentiate the above
:



( - 2x)y" + (1 - x2)y" + y + xy"- y = 0

(l -x)y"- xy" = 0 =o[( 1 - 02 y'" (0)-(d)= 0
Y"'Col = 0

Now vie (l-x)y"-xy"= 0 from

above to get yl" ! We have

( - 2x)y" + (1 - xi)y( - y"
- xy'= 0

(1 - xY)y
|
- 3xy" - y" = 0 =

' '(0) = 1·E11 -03y'" /(0) - 3(0)y"(o) - y"() = 0
- mu

I I

Y

So,

y(x) = y(0) +y'lx+
= l + x + zx+ myx"+ ... %



with radius of convergence at least r =

around Xo = 0 .
So

,
it converges

for at least -1<X 1
.

X

X1 3
- I 0 =

X.

-
r= 1 r = 1



③ We want a power series
solutive to

the initial-value problem

xy" + x y- zy = 0 ] HereXo = 1

y'(l) = 1 , y(1)
= 1

Divide by X to get

y" + xy' - zy = 0

Note that -
r = x

a
,
(x) =x = 1 + (x- 1)

[

r= 1 from
HW

az(x) =
- z = -2-1i

x-1- 7 class and

n = 1

b(x =0- n=

The minimum for the above
r is r = 1.

the initial-value problem has
Thus,

series
a power

*

y(x) =E(x
-1

n = 0

with at least
radius of convergence

r = 1
.

So, it
will converge

for 0 <X2. X

2= Xo

H
r=1 i = 1



Let's find y(x).

We have :

y" + xy- 2x y
= 0

y'(l) = 1 , y(1)
= 1

-
S[Ey"(1) - 1.y'()

- 2(1) = 0
S

y"(1) = 3~ I

I

Y "(1) - 3
= 8

Y "(1) = 3

Differentiate y" + Xy'-2x'y
to get

the next step
. &

y" + y + xy" + 2xy
-
2xy = 0 ⑮

y" + xy" + (1 - 2x)y' +
2x y = 0[y"(1) + 1 - y "(1) + (1 - 2(x))y(( + 2x5y()

= 0

~
-

--
& (

3

y"(l) + 3 - 1 + 2 = 0 - y"(l) =
- 4



Differentiate the y" formula
above

to find a formula for y't !

We get

y( + y" + xy" + (2x y + (1 - 2x y"

-Yx y +
2xy = 0

y( + xy" + (2 - 2x))y"
+ 4xy - 4xy

= 0

+ (2 -2(1))y +
4(1)22Iy((( ,) (1)y'"() I

t 3

- 4
-

- 4(1)")= 8

y("(1) - 4 + 0 + 4
- 4 = 0

y((1) = 4
&

⑪= YY

Thus, fur
-kX) We have 3

y(x) = y(1) + y'()(X
- 1) +(4)(X - 1)+((x - 1

2

+ xx - 11" +...



=( + (x - 1) +
(x -1- (x - 13 + y(x - 17 ...

=It (X - 1) + z(x - 1)+ =(x
- 13 + 5(x - 14+ ...

↑

·= 24
4 ! = 4

- 3.2.1 =



④ We want a power series
solution

to the initial value problem

Here

y" + sin(x)y + ex y
= 0 3 Xo= 0

y'(d) = 1 , y(d)
= )

We have

&
these

a
,
(x) = sin(x)

= x - zx+ X - ... all

have

ao(x) = e
*
= 1+ x + z,x+&x+ ... r = x

b(x) = 0

Thus
,
the initial-value problem

has

a solution

N

y(x) =2
n = 0

(0) + y(ax
+

= Y

that converges for
-x <XD.



Let's find y(x).

We have
:

y" + sin(x)y + ex y
= 0

y'(d) = 1 , y(d)
= )

#·
Y"(0)

=
- 1

& I
-

Differentiate y" + sin(xy'texy
= 0
to

find y" . We get

y" + cos(x)y +
sin(x)y" + ey +

ey = 0

(in(x)y" + (cos(x)
+ e*)y + eTy = 0

y'" +
"Col + sinlogy" 10)

+ (cos(o) +
e) y'(d) + ey(0)

= 0[Yy"sol + 0 - (- 1) + (1 +
1)(1) + (1)(1)

= 0

y'"'(o) =-3
X
⑰= -3Y



So,

y(x) = y(0)
+ y(x+

= l + x ++x
= x + ...
3 !

=1 + x - Ex - Ex + ...

for - xXD
.


